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We describe an entanglement purification protocol (EPP) for multipartite three-level atomic en- 
tangled pair using photonic Faraday rotation. In this EPP, the multipartite atomic entangled state 
(N. can be purified with the help of some single photons. This protocol resorts to the photonic Faraday 

rotation to realize the function of the controUed-Not (CNOT) gate. The purified multipartite atomic 
entangled state can be retained and to be repeated to reach a higher fidelity. 
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(N 

In the recent years, there have been substantial interesting applications in quantum information processing (QIP) 
' based on quantum entanglement ll. Many quantum information branches such as quantum teleportation [2], 
Q-i quantum key distribution (QKD) [i , quantum secret sharing J,-i9,] , quantum state sharing (Tol - [l^ , quantum direction 

■ communication [isl - fTsj all need the quantum entanglement. Especially, the multipartite entangled systems have 
^ ] many vital applications in quantum communication and quantum computation, such as controlled teleportation [s^, 
^ ■ quantum state sharing j7i-i9|] ■, and so on. All these tasks are based on the fact that the maximally entangled quantum 

channel with multipartite entangled states shared by the legitimate distant participants has been set up beforehand. 
Unfortunately, the multipartite entangled states will interact with the environment and suffer from the noise when 
they are distributed to distant locations. The quality of the entanglement will be decreased. The low quality of the 
entanglement will decrease the fidelity of quantum teleportation and quantum key distribution. It also makes the 
quantum communication insecure. 
— . ] Entanglement purification is one of the powerful way to extract some high-fidelity entangled states from a set of 

■ less-entangled systems |16l- [2q| . In 1996, Bennett et al. proposed an entanglement purification protocol (EPP) with 
C — [ controUed-not (CNOT) gate[16|. This protocol was improved by Deustch et al. in the same year [l^. In 2001, Pan 

et al. proposed an EPP with linear optics [l^, [l^. In 2002, Simon and Pan presented an EPP with a currently 
available parametric down-conversion (PDC) source |2^. In 2008, the EPP based on the PDC source and cross-Kerr 
PsJ , nonlinearity was proposed 21] . In 2010, the deterministic EPP with hyperentanglement was proposed This EPP 
^-H ■ was improved with linear optics by Sheng and Li, respectively [1^ [Ij] • These EPPs are all focused on the bipartite 
^ , entangled photon systems and there are only several multipartite entanglement purification protocols (MEPPs). In 
•'H ■ 1998, Murao et al. described an MEPP with CNOT gate for purifying the Werner- type state [29]. Cheong et al. 
' extended this idea to purify the high-dimensional multipartite quantum systems in 2007 [3(|. In 2009, Sheng et al. 



described an MEPP for optical systems with the help of cross-Kerr nonlinearity [31|. In 2011, Deng et al. developed 
an high efficiency MEPP with the entanglement link from a subspace [13 • Recently, the MEPPs for conduction 
electron systems and the multipartite electronic systems resorting the quantum-dot and microcavities were proposed 

[mi. 

Currently, trapped atoms with cavities which so called cavity quantum electrodynamics (QED) have become one of 
the promisin g ca ndidates for QIP [36j . The theoretical and experimental works have been done, such as the conditional 
logic gating j37( . efficient generation of single photons [s^, and so on. The atoms trapped in the different distant 
local cavities with strongly interaction can be viewed as the quantum nodes in the quantum repeaters. The photons 
flying between these different quantum nodes as the quantum bus can be used to set up the quantum network for 
largely scaling the QIP. The key point is that the single-photon input and output a low-Q cavity can moderate and 
couple with the trapped atom, which is so called microtoroidal resonator. Some theoretical works showed that the 
polarized photons can obtain different phase shift after they interacting with an atom trapped in a low-Q cavity. 
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The phase shift can reach tt by choosing the appropriate parameters. It is named the optical Faraday rotation j39|. 
Based on the Faraday rotation, An et al. discussed the quantum-information processing with a single photon by an 
input-output process with low-Q cavities [13, Elj . Chen and Feng investigated the quantum gating on neutral atoms 
in low-Q cavities [i^l- The quantum teleportation [43j, co ntrolled teleportation [i^l, entanglement swapping and 
entanglement concentration for atoms were proposed |46{ . Motivated by the optical Faraday rotation, we present an 
MEPP for trapped atoms in low-Q cavities. In this MEPP, the ancillary photons and cavity systems play the role 
of the CNOT gate. This paper is organized as follows: In Sec. 2, we briefly explain the basic principle of optical 
Faraday rotation. In Sec. 3, we describe the MEPP for three-atom Greenberger-Horne-Zeilinger (GHZ) state for a 
bit-flip error. In See. 4, we describe the MEPP for a phase-flip error. In Sec. 5, we briefly explain the MEPP for 
iV-atom systems. Finally, in Sec. 6, we make a discussion and conclusion. 



II. HYBRID CNOT GATE USING PHOTONIC FARADAY ROTATION 



In this section, we will discuss the basic principle for photonic Faraday rotation. As shown in Fig. 1, a three-level 
atom is trapped in a cavity. Under the Jaynes-Cumming model, we can write the Hamiltonian |43l445l | 

H= ^ ^^^(J^^+hujca]aj+ihg{ajaj+-a]aj.)], (1) 

where and a are the creation and annihilation operators of the cavity field with frequency ojc, respectively. Cz, 
CT+ and cr_ are inversion, raising and lowering operators of the three-level atom with frequency difference wq between 
the two levels |e) and \g). |e) is the excited state and \g) is the ground state. The ground state has two degenerated 
ground states \gR) and \gL) which couple with a right (|i?)) and a left {\L)) polarization photon, respectively. Consider 
the single-photon pulse input an optical cavity, as shown in Fig. 1. Usually, the single photon pulse can be written 
as |<I>p) — ^'^ f{t)a\^{t)dt\vac). The a\^{t) is the one-dimensional field operator, which satisfies the commutation 
relation [ai„(i), a|„(t')] = 5{t — t'). f{t) in the normalized pulse shape as a function of t. In the ration frame, the 
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FIG. 1: (a) The relevant three-level atomic structure confined in a cavity. \gn) and \gL) are the two degenerated ground states 
which couple with a right {\R)) and a left polarization photon, respectively, (b) Atomic configuration of the three-level 

atom trapped in the low-Q cavity. Interaction between the atom and a single-photon pulse propagating input-output in the 
low-Q cavity according to the photonic Faraday rotation. 



Heisenberg equation of the operators aj and aj- can be described as [44 



aj{t) 



(2) 



The K is the cavity damping rate and [6i„(i), = S{t — t'). The input and output fields of the cavity reads as 

aout,j{t) = a.in.j{t) + y/^aj, (3) 

0, we can adiabatically eliminate cavity 



with j — L, R. Suppose that plus an adiabatic approximation, and 6m j 
mode and get the relation of the cavity mode as 



[i{ujc - ujp) - f ][i(a;o - ujp) + ^] + .g^ 
[i{uic - Wp) + f ] [i{ujo - ujp) + 5] + g2 



(4) 
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where r{u}) = is the reflection coefficient of the atom-cavity system. Interestingly, from above equation, if 

(7 = 0, we can obtain 

Due to the high damping rate of the cavity, the absolute value of Vj {ujp) can reach to unity. It means that the photon 
experiences a very weak absorption and we only need to consider that the output photon only experiences a pure 
phase shift 9 with rj{ujp) = e**. In a special case that the atom does not couple with the cavity or couples with an 
empty, we have rjo{ijJp) = e^^°. Therefore, the Qp = {9 — 9q)/2 is called the Faraday rotation. If ojc = wo> ^p = ^c — ^ 
and g = f , we can obtain = tt and Oq = ^. In this way, the evolution of the atom and photon input and output the 
cavity can be described as(46j 

\L)\gL) ^ -\L)\gL),m9L) ^ m\9L), 

\L)\gj,) ^ i\L)\gi,), \R)\gj,) ^ -\R)\gi,). (6) 

If the photon passes through two cavities, one can get 

\L)\gL)\gL) ^ \L)\gL)\gL),m9L)\gL) ^ -\R)\gL)\gL), 
\L}\gR)\gR.} ^ ^\L)\gn)\gB}, \R)\gR)\gR) ^ \R)\gR)\9R), 
\L)\gL)\gR) ^ -t\L)\gL)\gR), \R)\gL)\gR) ^ -i\R)\gL)\gL), 

\L)\gR)\gL) ^ -m\gR)\gR), \R)\9R)\gL) ^ -t\R)\gR)\gL). (7) 

From Eq. ([7]), if the initial state of photon is "^(1^) + \R)), and the atomic state is |5l)|.9l) or \gR}\gR), the photonic 
state will become -^{\L) — while it does not change if the atomic state is \gL)\gR) or \gR)\gL)- Therefore, the 
polarization of the photon flipping or not flipping is decided by the states of two atoms. It essentially acts as the 
role of CNOT gate. Interestingly, the CNOT gate is between different qubit and different degrees of freedom, it is a 
hybrid CNOT gate. 

III. MEPP FOR MULTIPARTITE ATOMIC ENTANGLED STATE FOR BIT-FLIP ERROR 

In this section, we will start to explain the basic principle of MEPP. We first take the three-particle system in GHZ 
state as an example. A three-particle GHZ state can be described as 

1$+) = -L(|g^)|g^)|5^) + \gn)\gR)\gR)). (8) 
The other seven states of the GHZ states are written as 
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(9) 

Usually, in a distributed quantum network, if the initial state is \^q), it will couple with the noisy environment and 
become other states with some probability. For instance, if a bit-flip error occurs on the flrst qubit and it will become 
If a phase-flip error occurs, it will become \^q)- Certainly, both the bit- flip error and the phase- flip error 
will occur and lead the initial state I'i'^j') become |$^) or \^^). We start to discuss the MEPP with a simple 

example. Suppose a bit-flip error occurs on the first qubit with the probability of 1 — -F. The mixed state can be 
described as 

PB=F\^+){<^>+\ + il~F)\^t){^t\- (10) 
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FIG. 2: Schematic diagram showing the principle of this MEPP. Two pairs of low fidelity A'^-atom trapped in the cavities are 
distributed to Alice, Bob, Charlie, • • •, etc.. Each parties own two atoms. The one is from the first pair and the other is from 
the second pair, pi, P2,- ■ •, Pn are the auxiliary single photons, which will be detected by the single-photon detectors Di, 
D2,- • •, D2fc to decide to retain or discard the atoms. 



The subscript B means a bit-flip error. From Fig. 2, Alice, Bob and Charlie own two copies of the mixed state Paibici 
and Pa2&2C2 with the same form of Eq. ([TO)). Alice owns the atoms ai and 02- Bob owns the atoms 61 and 62 and 
Charlie owns Ci and C2, respectively. The two pairs of mixed states can be viewed as four combinations of the pure 
states: with the probability of F^, it is in the state |$d)aibici (Xi I'i'o )a2ft2C2: with the same probability of F(l — F), it 
is in the state \^a)aibici "8) |'i'i')a2&2C2 or \^i)aibici \^o)a2b2C2- With the probability of (1 — F)^, it is in the state 
|<&+)aibici <E) |$^)a262C2- From Eqs. $1) and ©, \<i>^)a,b,c, <E) a2b2C2 can be written as 

|*([>ai6ici «) \K)a2b2C2 = ( Iffi) ai Isl) f,i Iffi) ci + ISi?) ai ISfl) fci l5fl)ci ) 

<S) -^i\9L)a2\gL)b2\9L)c2 + \gR)a2\9R)b2\gR)c2) 
= ^(|5l)qi \9L)a2 \9L)bi \9L)b2 \9l)c^ \9l)c2 

+ 1^)01 |5fl)a2 l5fl)fci \9R)b2 \9r)ci \9r)c2 + \9L)ai |5fl)a2 l5L)fci |gi?)&2 |5l)ci \9r)c2 

+ \9R)ai\gL)a2\9R)bAgL)b2\9R)cA9L)c2)- (n) 

The cross-combination item |<i>(|)ai6ici ® 1*5*1^)026202 can be written as 

|*c[>ai6ici ® |*^)a2b2C2 = ( ISl) m Isl) 61 I^l) Ci + ISfl) ai bi Ifffl) Ci ) 

® -^{\9L)a2\9L)b2\9R)c2 + \9R)a2\gR)b2\gL)c2) 
= ^(l.9i>ai \gL)a2 \9L)bi \gL)b2 |5i)ci |gi?,>C2 

+ \9R)ai \gR)a2 l5J?)bi I5fl)h2 \9r)ci \9l)c2 + l.9L)ai |5fl.)a2 |5l)6i |ff/?)b2 \9l)ci \9l)c2 

+ \9r) ai |5i)a2 \ 9R)bi |5i)b2 \ 9r)ci |5-R)c2 )■ (12) 



One can also get 



|*^)aibici «) |*(]")a262C2 = ^ ( I.9l) ai Isl) 02 Iffi) bi Iffi) b2 ISi?,) ci Isl) C2 

|5J?)ai |5fl)a2 l5i?)bi \gR)b2 |5l)ci |3ii)c2 + l5L)ai |5fl)a2 |gL)bi |5fl)b2 l5fl)ci |gi?)c2 

|5i?)ai |5L)a2 l5fl)bi |5L)b2 |5l)ci |5l)c2), (13) 
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and 

|*^)ai6ici «) \'i>t)a2b2C2 = ^ ( Iffi) ai Iffi) 03 Iffi) fci Isl) 63 l.9fl> Cl Ifffl) 
+ \9R)ai\gR)a2\9R)bi\gR)b2\9L)ci\gL)c2 + \9l) ailgn) a2\gL)bi\gR)b2\9R) ci\gL) C2 

+ \9R)ai\gL)a2\gR)bi\gL)b2\gL}ci\gR)c2)- (14) 

Alice, Bob and Charlie first prepare the same polarized single photons of the form --i=(|_L) + |-R)), named pi, p2, 
and P3, and then let them entrance into each cavities, respectively. After the three photons all passing through the 
cavities and they will be detected by the single-photon detectors. From Eq. ([7]), the polarization of the photon 
will be flipped if the states of the two atoms are different. From Eqs. (|lip to ([Til) , the cross-combinations items 
1^0 )aihici <8i \^i)a2b2C2 and |<&^)aif)ici €5 |^'o')a262C2 cannot lead all the polarization of the photons same. For example, 
the items |5'L)ai |ffi,)a2 l5L)bi |5L)b2 |5l)ci |5i?)c2 and |5ij)ai |gfl)a2 l5i?)&2 l5'fl)ci |gi,)c2 in l^'o )aibici <E) \'^t)a.2b2C2 will 
lead the photons in Alice and Bob flip, while the polarization of photon in Charlie does not change. On the other hand, 
the items |gL)Qi Iffijja^ |5L)fci l5fl)62 l5i)ci |ffL)c2 and |gfl)Qi |gL)a2 l5fi)fci |5l)62 l5i?)ci |ffi?,)c2 will lead the photons in Alice 
and Bob do not change while the polarization of photon in Charlie will change. Therefore, by selecting the cases that 
all the polarization of the photons are the same, they will eliminate the contribution of the cross-combination items. 
In Fig. 2, the have-wave plate (HWP) can make -^{\L) + \R)) -J> \L) and -^{\L) - \R)) \R). The polarization 
beam splitter (PBS) can transmit the \L) polarization photon and reflect the \R) polarization photon. Finally, if the 
detectors D1D3D5 fire, the original state will become 



l*0> = -7^i\9L)ai\gL)bi\gL)ci\gL)a2\gL)b2\gL)c2 



1 

|.9fl)ai |fffl)ci \gR)bi |5fl)&2 \gR)a2 \gR)c2), (15) 



with the probability of and it will become 



l*l> = -^(\9L)a^\gL)b^\gR)ci\gL)a2\gL)b2\gR}c2 



1 

+ \gR)aAgR)bAgL)ci\gR)a2\gR)b2\gL)c2), (i6) 



with the probability of -^^ — 2~- Then they all perform the Hadamard operations on the atoms a2, 62, and C2. The 
Hadamard operation wiU make I^l) — > '^(19^) + \9r)) and \gn} — > '^i\9L) ^ Then the |$o) becomes 

|$o) -> ±{\g^),^\g^),McA^rH\gL) + \gR)r' 

+ \gR)aAgR)bA9R)cA^rH\gL)~\gR)r'). (17) 

The |<i>i) becomes 

^ -L(|54,Jg^),Jg^),^(-L)«3(|^^^^|^^^)«2(|^^^„|^^^^) 

+ \gR)aAgR)bAgL)cA^r'{\gL) - \gR)fii\gL) + \gR))). (18) 

In above two equations, we omit the subscripts 026202 for simple. Alice, Bob and Charlie measure the atoms 026202 
in the basis {\gL),\gR)}- H the measurement resuh is \gL)\gR)\gR},\gR)\gL)\gR), or they 

will obtain the |$J)aibici with the fidelity F' ~ -pr^^zTpyi- If > |, then F' > F. If the measurement result on 

atoms 026202 is \gL)\gL)\gR) , l5i)l5fl)l5L), \gR)\gL)\gL), or \gR)\gFi)\gR)i they wiU obtain the \%)atbtci with the same 
fidelity F' . In this way, they only need to perform a phase-flip operation on one of their atoms to obtain \^Q)aibici- 
Certainly, if the single-photon detectors D2D4D6 fire, they will obtain 

1*0)' = ■^{\gL)aAgL)bAgL)cAgR}a2\gR)b2\gR)c2 

+ \gR)aAgR)cAgR)bi\gL}b2\gL}a2\gL}c2), (19) 
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Tp2 

with the probability of — , and obtain 



l*l>' = —^{\9L)ai\gL)bi\gRjci\gR)a2\gR)b2\gL)c2 



1 

|5fi)ai \gR)bi \gL)ci \gL)a2 \gL)b2 I5fi)c2), (20) 



with the probability of -^^ — 2~- Iii this case, they first perform bit- flip operations on the atoms 02, 62, and C2, which 
makes |$o)' become |<I>o) and |$i)' becomes |$i). In this way, they can obtain the same result as described above. 
In above description, we explained the purifying the bit-flip error on the third qubit, which makes I'&J) become 
In a practical environment, the bit-flip error may occur on all the qubits, and leads the original pure maximally 
entangled state I'&d) become 

p' = Fo|$ + )(a>+| + Fi|ci>+)($+| + ^^2|$2+>(*^ I + l^^3|$3+)(<i>J I, (21) 

with + Fi -\- F2 -\- F'i = 1. Using the same principle described above, by choosing the same polarization of the three 
photons, they will obtain a new mixed state of the form 

p" F^\'f+){<P+\ + Fi\^+){'ft\ + F^|<f>+)($+| +F^|$3+)(a>+|, (22) 

Here 
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If Fq satisfies the relation 



Fo > i[3 - 2Fi - 2F2 - ^1 + 4(Fi + F2) - 12(F2 + F|) - 8F1F2], (24) 



they can obtain Fg > Fq. 



IV. MEPP FOR MULTIPARTITE ATOMIC ENTANGLED STATE FOR PHASE-FLIP ERROR 

In above section, we briefly explained the EPP for a bit-flip error. The phase-flip error also exists in a practical 
noisy environment. The phase-flip error cannot purified directly. It is usually converted into a bit- flip error and 
purified in a next round. For example, a bit-flip error will make the |$(J^) become with a probability of 1 — F. 
The mixed state is written as 

PP = F|$+)($+| + (I - F)|$„ )(<i>o |. (25) 
Before starting to this MEPP, they first perform the Hadamard operations on their atoms and make 

1*^) -> = \{\gL)\gL)\gL) + Isl) 1^)15/?.) + \gR)\gL)\gR) + \gR)\gR)\gL)), 
1*0 ) ^ l*^> - \{\gL)\gL)\gR) + \gL)\gR)\gL) + \gR)\gL)\gL) + \gR)\gR)\gR))- 

(26) 

So the state in Eq. ([25)1 becomes 

PT = F\^+){^+\ + (1 - F)|vI/-)(v1/q-|. (27) 
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With the same principle as the bit-flip error correction, the two pairs of mixed states can be viewed as the combinations 
of four pure states: With the probability of F'^ , it is in the state l^'g )ai6ici ® l^o)a262C2i with the equal probability 
F{1 - F), it is in the state |4'o )aibici ® l*o )a262C2 or |*o )aifcici ® l*o )a2b2C2i with the probability of (1 - F)^, it is 
in the state |^'o )ai6ici l^'o )a262C2- 

We first discuss the case of the cross-combination item I^'q )ai6ici ® l*o )a2&2C2- It can be written as 

= 2 |5l)ci + |5k)6i l5fl)ci 

+ l5i?)ai|5i)bil5fl)ci + |.gfl)ai|5'i?)6i|5i)ci) 

® 2{\9L)a^\gL)b2\9R)c2 + \9L)a2\9R)b^\gL)c2 

+ \9R)a2\9L)b^gL)c^ + \9R)a2\9R)b2\9R)c2) 

= -^{\9L)a^\9L)b^\9L)ci\gL)a2\9L)b2\9R)c2 + I.9l) ai Iffi) bi l5i>ci |gL)Q2 Iffi?) 62 Iffi) C2 

+ l3L)ai |.9l)6i |5l)ci |5i?)a2 |3l)62 \9l)c2 + lffL)ai \gL)bt |5l)ci |ffi?)a2 15^)62 \9r)c2 
+ \9L)ai \9R)bi |fffl,)ci \9L)a2 \9L)b2 \9r)c2 + l.9L)ai |5fl)fci \9r)ci \9L)a2 l5i?)&2 \9l)c2 
+ \9L)ai \9R)b^ |ffi?,)ci |5fl)o2 |ffL)f-2 lffi>C2 + l.9L)ai |gii)6i |5fl)ci |5fl)a2 |ffi?)62 I5fl)c2 
+ |gi?,)ai |gL)bi |gi?,)ci |S'L)a2 |S't)b2 \9r)c2 + l.9fl>ai |5L)bi |5fl)ci \9L)a2 IS'i?)b2 |5l)c2 
+ l3i?,)ai|gL)bi|gi?,)ci|gi?,)a2l3L)b2l3L)c2 + \9R)at\9L)bt\9R)ct\9R)a2\9R)b2\9R)c2 
+ l3i?)ai|gi?,)bi|.9L)ci|gL)Q2l.9L)b2l5fl)c2 + |.9fl)Qil5fl)bi|gL)ci|.9L)a2l5i?.>b2l.9L)c2 
+ l3i?)ai |fffl,)bi |.9l)ci \gR)a2 \9L)b2 \9l)c2 + l.9fl)Qi l5fl)bi |gL)ci |5fl)Q2 l5fl)b2 l5fl.)c2)- 

(28) 

From Eq. ([25)) , if Alice, Bob and Charlie let their -^{\L) + \R)) photons entrance the cavities, respectively, they cannot 

lead the cases that all the polarization of the photons be flipped. The another cross-combination l^'o )aibici®|^o')a2b2C2 
also cannot lead all the polarization of the photons be flipped. Now we discuss the case of I^'q )aibici I^J)a2b2C2- It 
can be written as 

aibi ci a2&2C2 
= ■^{\9L)aA9L)bA9L)c, + \9L)aA9R}bA9R)ci 
+ \9R)ai\9L)bi\9R)ci + \9R)ai\9R}bi\9L)ci) 
<8> -^{\9L)a2\9L}b2\9L}c2 + \9L)a2\9R)b2\9R)c2 

+ \9R}a2\9L)b2\9R}c2 + \9R)a2\9R}b2\9L)c2) 

= ■^i\9L)ai\9L)bi\9L)ci\9L)a2\9L)b2\9L)c2 + l5L)ai |.9L)bi |5l)ci |5i)a2 l5i?,)b2 l5fl)c2 

+ \9L)ai \9L)bi |.9l)ci \9R)a2 \9L)b2 \9r)c2 + \9L)ai \9L)bi \9l)ci |ffi?)a2 l5fl,)b2 \9l)c2 
+ |5l)qi |5fl)bi |gi?,)ci \9L)a2 \9L)b2 \9l)c2 + \9L)ai |fffl)bi |5i?)ci \9L)a2 l5fl)b2 \9r)c2 
+ lffL)ai |5fl)bi |fffl,)ci |5i?,)a2 lffL)b2 \9r)c2 + \9L)at \9R)bi |ffi?)ci |Sfl)a2 l5i?)b2 \9l)c2 
+ lffi?.)ai |ffL)bi |ffi?,)ci |gL)a2 l5L)b2 |5l)c2 + lfffl,)ai |ffL)bi |gi?)ci |S'L)a2 l5fl)b2 \9r)c2 
+ l3i?)ai |gL)bi |gi?)ci \gR)a2 \9L)b2 \gR)c2 + l.9fl)Qi l5L)bi Ifffljci |5fl)Q2 l5i?)b2 lffL)c2 
+ l3i?)ai|fffl,)bi|.9L)ci|gL)Q2l.9L)b2l5L)c2 + l3i?)ai |ffi?,)bi |5l)ci |gL)Q2 I.9fl)b2 I3i?)c2 
+ l3i?)ai|gi?,)bi|.9L)ci|gi?)a2lffL)b2l3i?)c2 + ISfl) Ql ISfl) bi Iffi) Ci |.9fl) Q2 ISfl) b2 Iffi) C2 ■ 

(29) 

From Eq. ([2^ . if Alice, Bob and Charlie let their -^(ji) + \R)) photons entrance the cavities and choose the case 
that all the photons are flipped, they will obtain 

1^) = ]^{\gL)ai\9L)bi\gL)cAgL)a2\gL)b2\gL)c2 + \gL)aAgR)bi\9R)ci\gL)a2\gR)b2\9R)c2 
+ l5fl)ail5L)bi|5fi)ci|gfl)a2l5L)b2l5fl)c2 + ISfl) ai ISfl) bi Isl) ci Ifffl) 02 ISk) b2 ISl) C2 ) ■ 

(30) 
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The item \^f^ )ai6ici €5 I^'q )a2b2C2 can also lead all the photons be flipped and it becomes 

1^)' ^{\9L)aA9L)b,\9B)c,\9L)a2\9L)b2\gB)c2 + lffL>ai |.gL>Ci |5i>a2 I.9fl>b2 l3i)c2 

+ \9R)ai \9L)bi \9l)ci \9B)a2 \9L)b2 \9l)c2 + 1^)01 ISi?)^! \9r)ci |5i?)a2 \9R)b2 \9r)c2)- 

(31) 

Then all the three parties perform Hadamard operations on the 02 , 62 and C2 atoms and measure them respectively. 
If the measurement resuhs are |5l)q2 |5l)&2 |5l)c2 : l5L)a2 l3i?,>b2 13fl.)c2 , I5fl)a2 |9l)62 I5fl)c2 , or |gfl,)a2 l5ii)&2 |9l)c2 , the jV') 
becomes 

\^) \{\9L)a^\9L)b^\gL)c^+\gL)a^\gR)b^\9R)c^ 

+ \9R)ai\9L)bi\9R)ci+\9R)aA9R)bi\9L)ci, (32) 

the It/i)' becomes 

IV')' ^ ^(l.9L)ai|5L)6il.9fl)ci + |5i)ail5'K>ftil5L)ci 

+ l5i?)ai|.9L)bi|5L)ci + |5i?)ai|5fl)fcil.9«)ci- (33) 

Interestingly, Eqs. ([5^ and p3l) have the same form of Eq. So they only need to perform Hadamard operations 

on their atoms to recover the Y^'^) and l^*^) to and |$o ), respectively and obtain a new mixed state 

p'p = F'|$+)(ci>+| + (1 - F')|<i>o-)(<i>o"|. (34) 

On the other hand, if the measurement results performed on the atoms are \9L)a2\9L)b2\9R)c2i l5L)a2 l5/j)b2 |5l)c2j 
\9R)a2\9L)b2\9L)c2, or \9R)a2\9R)b2\9R)c2, by performing a phase-flip operation on one of the atoms on ai, hi or Ci, 
they can obtain the same high quality mixed state as shown in Eq. ([M)) . By choosing the cases that all the photons 
are flipped and detected by D2D4D6, they can ultimately obtain the new fidelity F' of the atomic mixed state with 
P' — p-i^J^i^pyi ■ Certainly, if a mixed state contains all the phase- flip error and can be written as 

(J'p = Fo|$+)($-| + Fi\^-}{^-\+F2\^-){<i'-\ + |i^3|<i>3")($3"|. (35) 

After correcting the phase-flip error, one can also obtain a new mixed state with the same fldelity as shown in Eq. 

Essentially, in Eq. ([55]) . it also contains the bit-flip errors. Therefore, during the whole MEPP, both the bit-flip 
and phase-flip errors correction are all required. In a practical operation, they can flrst perform the bit-flip error 
correction and then perform the phase-flip error correction, or first perform the phase-flip error correction, and then 
perform the bit-flip error correction, which is similar as Ref. [29| . In this way, one can purify an arbitrary three-atom 
mixed entangled state. 



V. MEPP FOR N-PARTICLE GHZ STATE 



In the previous sections, we have explained the MEPP for the case of three-particle system. This protocol can 
also be extended to A^-partite mixed entangled systems with both bit-flip and phase- flip errors. Suppose the A-atom 
entangled state is prepared in one of the GHZ state 

\H)n = --^(|.9L)ai|5L)bi • •• + \9R)aA9R)bi ' •• |5i?)ni)- (36) 

The A^ atoms are belonged to Alice, Bob, Charlie, • • •, Kite, etc, as shown in Fig. 2. The noise will lead it have a 
bit-flip error can become 

\'^t)N = --^(|.9fl)ai|gL)6i •• ■ \9L}n, + \gL}m\gR)b, ' ' ' )■ (37) 

So the mixed state can be written as 

PN = F|<&+)Ar($+| + (1 - F)^^|$+)^.(<i>+|. (38) 
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As shown in Fig. 2, after the A'' photons passing through the cavities, respectively, they only to choose the cases that 
all the photons are have the same polarization. Then the 2N atoms will collapse to 

l*([)2W = -^{\9L)ai\gL)b^---\gL)m\gL)a^\gL)b2\gL)n2 

+ l5i?)ail5fl)&i • • ■ Ifffl)nil5fl)a2l5i?)&2 ■ ■ ■ Ifffl)n2), (39) 

with the probability of — . It also will collapse to 

\^t)2N = -^{\gR)ai\gL)bi---\gL)m\gR)a.AgL)b2\gL)n2 

+ \gL)aAgR)bi---\gR)m\gL)a2\gR)b2---\gR)n2), (40) 

with the probability of -^^ — 2~' Finally, by performing the Hadamard operations on each atoms a2, &2, • • '^■2, and 
measuring them in the basis {|3L),|5fl)}, they will ultimately obtain the A^-atom high fidelity mixed state, with 
F' = F'^+fi-F)'^ ■ bit-flip error occurs on the other qubits, it can also be purified in the same principle. On the 

other hand, if the phase-flip errors, they first perform the Hadamard operations on each atoms to convert it to the 
bit-flip error and purify it in the next step. So both bit-flip and phase-flip error can be purified. In this way, one can 
purify an arbitrary A-particle mixed entangled state. 



VI. DISCUSSION AND SUMMARY 



So far, we have fully described our MEPP. In this MEPP, we resort some single photons to complete the task. 
From Eq. Q, the polarization of the photon is flipped or not flipped are decided by the state of two atoms. The 
photonic Faraday rotation essentially acts as the role of CNOT gate between the photon and atoms. Moreover, 
according to the polarization of the photon, one can check the parity of the two atoms. From above description, if 
the initial state of photon is "^(1-^) + 1^)): it will be flipped if the atoms are in the odd parity states \gR)\gL) or 
\gL)\gR), while it does not change if the atoms are in the even parity states or \gR)\gR)- Interestingly, during 

the whole process, we do not need to measure the atoms directly, which lead this MEPP essentially is the quantum 
nondemolition (QND) like the cross-Kerr nonlinearity ^21"]. Actually, in the early works of atomic entanglement 
purification, Gonta and van Loock have discussed a different dynamical entanglement purification scheme ^47,]. They 
can purify dynamically a bipartite entangled state using short chains of atoms coupled to high-finesse optical cavities. 
When the atomic entangled pairs pass through the cavities, the atomic evolution can be mediated by the cavity field 
with the effective Hamiltonian described in the Heisenberg XY model. On the other hand, Reichle et al. have reported 
their experimental work about purification of two-atom entanglement (isj . In their experiment, they should confine 
four ^Be^ ions in one trapping zone of a linear multi-zone Paul trap, which lead it not suitable for long-distance 
quantum communication and distributed quantum computation. In a practical experiment, the ^''Rb atom trapped 
in a fiber-based Fabry-Perot cavity is a good candidate. As shown in Ref . [49j . the generated ground states \gL) 
and \gii) can be the states \F — 2, mi? = ±1) of the level 55*1, respectively. The excited state |e) can be the state 
\F' — 3, mp = 0) of the level StSa. So the corresponding transition frequency at A = 780 nm (Z?2 line) is utQ — 2ttc/X. 

The cavity decay rate k = 27r x 53 MHz with relevant Q factor Q ~ Wc/(2k) = 3.63 x 10^. The length of the cavity 
is 38.6/im. 

During the whole protocol, we only discuss the case that the virtual excitations of the atoms and consider low-Q 
cavities, fibers without absorption, ideal single photon detectors and perfect measurements on atoms. As shown in 
Ref. 50], the coupling and transmission of each photon through the single-mode optical fiber is Tf = 0.2, and the 
single-photon detector efficiency is 77^ = 0.28 [5l|. The transmission efficiency of each photon through the other optical 
elements is 770 — 0.95. Suppose the measurement efficiency of the atom is rja = 0.95 [S^l- We can estimate the success 
probability of this MEPP for a bit-flip error correction as P ~ Pp x Tj x rjo x Vd ^ Va ^ with Pp = + {1 — Fy. N is 
the number of the atoms. If the initial fidelity F = 0.8, and A^ = 3, we can calculate P ~ 2.43 x 10^^. Obviously, the 
single-photon detector efficiency greatly affect the total success probability because all the photons will be detected. 

In conclusion, we have presented an MEPP for purifying multipartite atomic entanglement using photonic Faraday 
rotation. Through a single-photon input-output process in each cavity-QED, one can obtain the higher fidelity atomic 
mixed state from two pair of low fidelity mixed states with some success probability. During the whole protocol, we 
resort to the low-Q cavities, some linear optical elements, the three-level atoms and the single-photon detectors to 
complete the task, which lead this MEPP be suitable for current experimental condition. 
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